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CAPITULATION IN THE ABSOLUTELY ABELIAN EXTENSIONS
OF SOME NUMBER FIELDS II
ABDELMALEK AZIZI, ABDELKADER ZEKHNINI, AND MOHAMMED TAOUS
Abstract. We study the capitulation of 2-ideal classes of an infinite family of imag-
inary biquadratic number fields consisting of fields k = Q(
√
pq1q2, i), where i =
√−1
and q1 ≡ q2 ≡ −p ≡ −1 (mod 4) are different primes. For each of the three quadratic
extensions K/k inside the absolute genus field k(∗) of k, we compute the capitula-
tion kernel of K/k. Then we deduce that each strongly ambiguous class of k/Q(i)
capitulates already in k(∗).
1. Introduction and Notations
Let k be an algebraic number field and let Cl2(k) denote its 2-class group, that is the
2-Sylow subgroup of the ideal class group, Cl(k), of k. We denote by k(∗) the absolute
genus field of k, that is the maximal abelian unramified extension of k obtained by
composing k and an abelian extension over Q.
Suppose F is a finite extension of k, then we say that an ideal class of k capitulates
in F if it is in the kernel of the homomorphism
JF : Cl(k) −→ Cl(F )
induced by extension of ideals from k to F . An important problem in Number Theory is
to explicitly determine the kernel of JF , which is usually called the capitulation kernel.
If F is the relative genus field of a cyclic extension K/k, which we denote by (K/k)∗
and that is the maximal unramified extension of K which is obtained by composing K
and an abelian extension over k, F. Terada states in [15] that all the ambiguous ideal
classes of K/k, which are classes of K fixed under any element of Gal(K/k), capitulate
in (K/k)∗.
If F is the absolute genus field of an abelian extension K/Q, then H. Furuya confirms
in [16] that every strongly ambiguous class of K/Q, that is an ambiguous ideal class
containing at least one ideal invariant under Gal(K/Q), capitulates in F .
In this paper, we construct a family of number fields k for which all the strongly
ambiguous classes of k/Q(i) capitulate in k(∗) ⊂ (k/Q(i))∗.
Let k = Q(
√
d, i) and K be an unramified quadratic extension of k that is abelian
over Q. Denote by Ams(k/Q(i)) the group of the strongly ambiguous classes of k/Q(i).
In [6], we studied the capitulation problem in the absolutely abelian extensions of k
for d = 2pq and p ≡ q ≡ 1 (mod 4) are different primes, and in [7], we dealt with the
same problem assuming p ≡ −q ≡ 1 (mod 4). In [9, 10, 11] and under the assumption
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Cl2(k) ≃ (2, 2, 2), we studied the capitulation problem of the 2-ideal classes of k in its
fourteen unramified extensions, within the first Hilbert 2-class field of k, and we gave
the abelian type invariants of the 2-class groups of these fourteen fields. Additionally
we determined the structure of the metabelian Galois group G = Gal(k
(2)
2 /k) of the
second Hilbert 2-class field k
(2)
2 of k.
Let q1 ≡ q2 ≡ −p ≡ −1 (mod 4) be different primes and d = pq1q2. It is the purpose
of the present article to pursue this research project. We will compute the capitulation
kernel of K/k and we will deduce that Ams(k/Q(i)) ⊆ ker Jk(∗) . As an application we
will determine these kernels when Cl2(k) is of type (2, 2, 2).
Let k be a number field, during this paper, we adopt the following notations:
• κK : the capitulation kernel of an unramified extension K/k.
• Ok: the ring of integers of k.
• Ek: the unit group of Ok.
• Wk: the group of roots of unity contained in k.
• k+: the maximal real subfield of k, if it is a CM-field.
• Qk = [Ek : WkEk+ ] is Hasse’s unit index, if k is a CM-field.
• q(k/Q) = [Ek :
∏s
i=1Eki ] is the unit index of k, if k is multiquadratic, where
k1, . . . , ks are the quadratic subfields of k.
• k(∗): the absolute genus field of k.
• Cl2(k): the 2-class group of k.
• i = √−1.
• ǫm: the fundamental unit of Q(
√
m), if m > 1 is a square-free integer, that is a
generator (modulo the roots of unity) for the unit group of the ring of integers
of Q(
√
m).
• N(a): denotes the absolute norm of a number a, i.e., Nk/Q(a) with a ∈ k .
• x± y means x+ y or x− y for some numbers x and y.
2. Preliminary results
Let us first collect some results that will be useful in what follows.
Let kj, 1 ≤ j ≤ 3, be the three real quadratic subfields of a biquadratic real number
field K0 and ǫj > 1 be the fundamental unit of kj . Since
α2NK0/Q(α) =
3∏
j=1
NK0/kj (α)
for any α ∈ K0, the square of any unit of K0 is in the group generated by the ǫj’s,
1 ≤ j ≤ 3. Hence, to determine a fundamental system of units of K0 it suffices to
determine which of the units in B := {ǫ1, ǫ2, ǫ3, ǫ1ǫ2, ǫ1ǫ3, ǫ2ǫ3, ǫ1ǫ2ǫ3} are squares in K0
(for details see [18] or [20]).
Lemma 2.1 ([18]). A fundamental system of units of K0 consists of three positive units
chosen among
B′ := B ∪ {√η | η ∈ B and √η ∈ K0}.
Lemma 2.2 ([20]). The units ǫ ∈ B that can be squares in K0 are as follows:
1. ǫ = ǫj and N(ǫj) = 1 with 1 ≤ j ≤ 3,
CAPITULATION IN THE ABSOLUTELY ABELIAN EXTENSIONS... 3
2. ǫ = ǫjǫl and N(ǫj) = N(ǫl) = 1 with 1 ≤ j 6= l ≤ 3,
3. ǫ = ǫ1ǫ2ǫ3 and N(ǫ1) = N(ǫ2) = N(ǫ3).
Put K = K0(i), then to determine a fundamental system of units of K, we will use
the following result that the second author has deduced from a theorem of Hasse [17,
§21, Satz 15 ].
Lemma 2.3. [2, p.18]. Let n ≥ 2 be an integer and ξn a 2n-th primitive root of unity,
then
ξn =
1
2
(µn + λni), where µn =
√
2 + µn−1, λn =
√
2− µn−1,
µ2 = 0, λ2 = 2 and µ3 = λ3 =
√
2.
Let n0 be the greatest integer such that ξn0 is contained in K, {ǫ′1, ǫ′2, ǫ′3} a fundamental
system of units of K0 and ǫ a unit of K0 such that (2 + µn0)ǫ is a square in K0 (if it
exists). Then a fundamental system of units of K is one of the following systems:
1. {ǫ′1, ǫ′2, ǫ′3} if ǫ does not exist,
2. {ǫ′1, ǫ′2,
√
ξn0ǫ} if ǫ exists; in this case ǫ = ǫ′1i1ǫ′2i2ǫ′3, where i1, i2 ∈ {0, 1} (up to a
permutation).
Lemma 2.4 ([1], Lemma 5). Let d > 1 be a square-free integer and ǫd = x+y
√
d, where
x, y are integers or semi-integers. If N(ǫd) = 1, then 2(x+ 1), 2(x− 1), 2d(x+ 1) and
2d(x− 1) are not squares in Q.
Lemma 2.5 ([1], Lemma 6). Let q ≡ −1 (mod 4) be a prime and ǫq = x+ y√q be the
fundamental unit of Q(
√
q). Then x is an even integer, x± 1 is a square in N and 2ǫq
is a square in Q(
√
q).
Lemma 2.6 ([2], 3.(1) p.19). Let d > 2 be a square-free integer and k = Q(
√
d, i), put
ǫd = x+ y
√
d.
1. If N(ǫd) = −1, then {ǫd} is a fundamental system of units of k.
2. If N(ǫd) = 1, then {
√
iǫd} is a fundamental system of units of k if and only if
x± 1 is a square in N i.e. 2ǫd is a square in Q(
√
d). Else {ǫd} is a fundamental
system of units of k.
This result is also in [21].
Lemma 2.7 ([5]). Let d ≡ 1 (mod 4) be a positive square free integer and ǫd = x+y
√
d
be the fundamental unit of Q(
√
d). Assume N(ǫd) = 1, then
1. x+ 1 and x− 1 are not squares in N i.e. 2ǫd is not a square in Q(
√
d).
2. For all prime p dividing d, p(x+ 1) and p(x− 1) are not squares in N.
3. Fundamental system of units of some CM-fields
As k = Q(
√
pq1q2, i), so k admits three unramified quadratic extensions that are
abelian overQ, which areK1 = k(
√
p) = Q(
√
p,
√
q1q2, i), K2 = k(
√
q1) = Q(
√
q1,
√
q2p, i)
and K3 = k(
√
q2) = Q(
√
q2,
√
q1p, i). Put ǫpq1q2 = x + y
√
pq1q2. In what follows, we
determine the fundamental system of units of Kj , 1 ≤ j ≤ 3.
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3.1. Fundamental system of units of the field K1.
We begin by determining the systems of fundamental units of K+1 and K1.
Proposition 3.1. Keep the previous notations. Then QK1 = 1 and
1. If 2p(x ± 1) is a square in N, then {ǫp, ǫq1q2 ,√ǫpq1q2} is a fundamental system of
units of both of K+1 and K1.
2. Else
{
ǫp, ǫq1q2 ,
√
ǫq1q2ǫpq1q2
}
is a fundamental system of units of both of K+1 and K1.
Proof. As N(ǫp) = −1, then by Lemma 2.2 only ǫq1q2 , ǫpq1q2 and ǫq1q2ǫpq1q2 can be
squares in K+1 .
Put ǫq1q2 = a+ b
√
q1q2, then a
2 − 1 = b2q1q2. Hence by Lemmas 2.4 and 2.7 we get
that only the number 2q1(a± 1) (i.e. 2q2(a± 1)) is a square in N. So there exist b1 and
b2 in Z such that {
a± 1 = 2b21q1
a∓ 1 = 2b22q2,
therefore
√
ǫq1q2 = b1
√
q1 + b2
√
q2, which implies thatq1ǫq1q2 and q2ǫq1q2 are squares in
K+1 but ǫq1q2 is not.
Since N(ǫpq1q2) = 1, then x
2− 1 = y2pq1q2. Hence Lemmas 2.4 and 2.7 allowed us to
distinguish the following cases:
a. If 2p(x± 1) is a square in N, then √ǫpq1q2 = y1
√
p+ y2
√
q1q2, hence ǫpq1q2 is a square
in K+1 .
b. If 2q1(x ± 1) is a square in N, then √ǫpq1q2 = y1
√
q1 + y2
√
pq2, hence q1ǫpq1q2 and
pq2ǫpq1q2 are squares in K
+
1 but ǫpq1q2 is not.
c. If 2q2(x ± 1) is a square in N, then √ǫpq1q2 = y1
√
q2 + y2
√
pq1, hence q2ǫpq1q2 and
pq1ǫpq1q2 are squares in K
+
1 but ǫpq1q2 is not.
Consequently, we have
1. If 2p(x ± 1) is a square in N, then ǫpq1q2 is a square in K+1 . Thus Lemmas 2.1 and
2.3 yield that
{
ǫp, ǫq1q2 ,
√
ǫpq1q2
}
is a fundamental system of units of both of K+1 and
K1.
2. If 2q1(x ± 1) or 2q2(x ± 1) is a square in N, then q1ǫpq1q2 or q2ǫpq1q2 is a square in
K+1 . As q1ǫq1q2 and q2ǫq1q2 are squares in K
+
1 , so ǫq1q2ǫpq1q2 is a square in K
+
1 . Thus
Lemmas 2.1 and 2.3 yield that
{
ǫp, ǫq1q2 ,
√
ǫq1q2ǫpq1q2
}
is a fundamental system of
units of both of K+1 and K1.

3.2. Fundamental system of units of the field K2.
Let us now determine the fundamental system of units’s of K+2 = Q(
√
q1,
√
pq2) and
K2 = Q(
√
q1,
√
pq2, i).
Proposition 3.2. Keep the previous notations and put ǫpq2 = a+b
√
pq2. Then QK2 = 2.
Moreover we have:
1. Assume 2q1(x± 1) is a square in N, then
i. If a± 1 is a square in N, then {ǫq1 ,√ǫq1ǫpq2 ,√ǫpq1q2} is a fundamental system
of units of K+2 , and that of K2 is
{√
ǫq1ǫpq2,
√
ǫpq1q2 ,
√
iǫq1
}
.
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ii. Else
{
ǫq1 , ǫpq2 ,
√
ǫpq1q2
}
is a fundamental system of units of K+2 , and that of K2
is
{
ǫpq2 ,
√
ǫpq1q2 ,
√
iǫq1
}
.
2. Assume 2q1(x± 1) is not a square in N, then
i. If a± 1 is a square in N, then {ǫq1 ,√ǫq1ǫpq2 , ǫpq1q2} is a fundamental system of
units of K+2 , and that of K2 is
{√
ǫq1ǫpq2, ǫpq1q2 ,
√
iǫq1
}
.
ii. If p(a ± 1) is a square in N, then {ǫq1 , ǫpq2 ,√ǫq1ǫpq2ǫpq1q2} is a fundamental
system of units of K+2 , and that of K2 is
{
ǫpq2,
√
ǫq1ǫpq2ǫpq1q2 ,
√
iǫq1
}
.
iii. If 2p(a±1) is a square in N, then {ǫq1 , ǫpq2 ,√ǫpq2ǫpq1q2} is a fundamental system
of units of K+2 , and that of K2 is
{
ǫpq2,
√
ǫpq2ǫpq1q2 ,
√
iǫq1
}
.
Proof. By Lemma 2.2 the units that can be squares in K2 are: ǫq1 , ǫpq2 , ǫpq1q2 , ǫq1ǫpq2 ,
ǫq1ǫpq1q2 , ǫpq1ǫpq1q2 and ǫq1ǫpq2ǫpq1q2 .
According to Lemma 2.5, 2ǫq1 is a square in K
+
2 but ǫq1 is not.
Put ǫpq2 = a+b
√
pq2, then a
2−1 = b2pq2. Hence Lemma 2.4 allowed us to distinguish
the following cases:
a. If a± 1 is a square in N, then there exist b1 and b2 in Z such that{
a± 1 = b21,
a∓ 1 = b22pq2,
thus
√
2ǫpq2 = b1 + b2
√
pq2. Therefore 2ǫpq2 a square in K
+
1 but ǫpq2 is not.
b. If p(a± 1) is a square in N, then there exist b1 and b2 in Z such that{
a± 1 = b21p,
a∓ 1 = b22q2,
thus
√
2ǫpq2 = b1
√
p + b2
√
q2. Therefore 2pǫpq2 and 2q2ǫq1q2 are squares in K
+
2 but
ǫpq2 and 2ǫpq2 are not.
c. If 2p(a± 1) is a square in N, then there exist b1 and b2 in Z such{
a± 1 = 2b21p,
a∓ 1 = 2b22q2,
thus
√
ǫpq2 = b1
√
p+ b2
√
q2. Therefore pǫpq2 and q2ǫpq2 are squares in K
+
2 but ǫpq2 is
not.
As N(ǫpq1q2) = 1, then x
2 − 1 = y2pq1q2; hence Lemmas 2.4 and 2.7 allowed us to
distinguish the following cases:
a’. If 2p(x ± 1) is a square in N, then √ǫpq1q2 = y1
√
p + y2
√
q1q2, thus pǫpq1q2 and
q1q2ǫpq1q2 are squares in K
+
2 but ǫpq1q2 is not.
b’. If 2q1(x±1) is a square in N, then √ǫpq1q2 = y1
√
q1+ y2
√
pq2, thus ǫpq1q2 is a square
in K+2 .
c’. If 2q2(x ± 1) is a square in N, then √ǫpq1q2 = y1
√
q2 + y2
√
pq1, thus q2ǫpq1q2 and
pq1ǫpq1q2 are squares in K
+
1 but ǫpq1q2 is not.
Consequently, we have
1. Assume 2q1(x± 1) is a square in N, then ǫpq1q2 is a square in K+2 .
i. If a±1 is a square inN, then 2ǫpq2 is a square in K+2 ; thus ǫq1ǫpq2 is a square in K+2 ,
since 2ǫq1 is. Therefore, by Lemma 2.1
{
ǫq1 ,
√
ǫq1ǫpq2 ,
√
ǫpq1q2
}
is a fundamental
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system of units of K+2 , and according to Lemma 2.3
{√
ǫq1ǫpq2 ,
√
ǫpq1q2 ,
√
iǫq1
}
is
a fundamental system of units of K2.
ii. Else ǫpq1q2 will be a square inK
+
2 ; hence by Lemma 2.1
{
ǫq1 , ǫpq2 ,
√
ǫpq1q2
}
is a fun-
damental system of units ofK+2 , and according to Lemma 2.3
{
ǫpq2 ,
√
ǫpq1q2 ,
√
iǫq1
}
is a fundamental system of units of K2.
2. Assume 2q1(x± 1) is not a square in N, then ǫpq1q2 is not a square in K+2 .
i. If a±1 is a square in N, then 2ǫpq2 is a square in K+2 ; hence ǫq1ǫpq2 is a square in
K+2 , since 2ǫq1 is a square inN. Thus by Lemma 2.1
{
ǫq1 ,
√
ǫq1ǫpq2 , ǫpq1q2
}
is a fun-
damental system of units ofK+2 , and according to Lemma 2.3
{√
ǫq1ǫpq2 , ǫpq1q2 ,
√
iǫq1
}
is a fundamental system of units of K2.
ii. If p(a±1) is a square inN, then 2pǫpq2 and 2q2ǫpq2 are squares inK+2 . On the other
hand, we have pǫpq1q2 or q2ǫpq1q2 is a square in K
+
1 , thus ǫq1ǫpq2ǫpq1q2 is a square in
K+2 , since 2ǫq1 is a square inN. Therefore by Lemma 2.1
{
ǫq1 , ǫpq2 ,
√
ǫq1ǫpq2ǫpq1q2
}
is a fundamental system of units of K+2 , and according to Lemma 2.3{
ǫpq2 ,
√
ǫq1ǫpq2ǫpq1q2 ,
√
iǫq1
}
is a fundamental system of units of K2.
iii. The last case is treated similarly.

3.3. Fundamental system of units of the field K3.
Since q1 and q2 play symmetrical roles, then the fundamental system of units’s of K
+
3 =
Q(
√
q2,
√
pq1) and K3 = Q(
√
q2,
√
pq1, i) are easily deduced.
Proposition 3.3. Keep the previous notations and put ǫpq1 = a+b
√
pq1. Then QK3 = 2.
Moreover we have.
1.) Assume 2q2(x± 1) is a square in N, then
i. If a± 1 is a square in N, then {ǫq2 ,√ǫq2ǫpq1 ,√ǫpq1q2} is a fundamental system
of units of K+3 , and that of K3 is
{√
ǫq2ǫpq1,
√
ǫpq1q2 ,
√
iǫq2
}
.
ii. Else
{
ǫq2 , ǫpq1 ,
√
ǫpq1q2
}
is a fundamental system of units of K+3 , and that of K3
is
{
ǫpq1,
√
ǫpq1q2 ,
√
iǫq2
}
.
2.) Assume 2q2(x± 1) is not a square in N, then
i. If a± 1 is a square in N, then {ǫq2 ,√ǫq2ǫpq1 , ǫpq1q2} is a fundamental system of
units of K+3 , and that of K3 is
{√
ǫq2ǫpq1 , ǫpq1q2 ,
√
iǫq2
}
.
ii. If p(a ± 1) is a square in N, then {ǫq2 , ǫpq1 ,√ǫq2ǫpq1ǫpq1q2} is a fundamental
system of units of K+3 , and that of K2 is
{
ǫpq1,
√
ǫq2ǫpq1ǫpq1q2 ,
√
iǫq2
}
.
iii. If 2p(a±1) is a square in N, then {ǫq2 , ǫpq1 ,√ǫpq1ǫpq1q2} is a fundamental system
of units of K+3 , and that of K3 is
{
ǫpq1 ,
√
ǫpq1ǫpq1q2 ,
√
iǫq2
}
.
4. The ambiguous classes of k/Q(i)
Let F = Q(i) and k = Q(
√
pq1q2, i). We denote by Am(k/F ) the group of the
ambiguous classes of k/F and by Ams(k/F ) the subgroup of Am(k/F ) generated by
the strongly ambiguous classes. As p ≡ 1 (mod 4), so there exist e and f in N such
that p = e2 + 4f2 = π1π2. Put π1 = e + 2if and π2 = e − 2if . Let Hj (resp. Qj)
be the prime ideal of k above πj (resp. qj), where j ∈ {1, 2}. It is easy to see that
H2j = (πj) and Q2j = (qj). Therefore [Qj ] and [Hj ] are in Ams(k/F ), for all j ∈ {1, 2}.
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Keep the notation ǫpq1q2 = x + y
√
pq1q2. In this section, we will determine generators
of Ams(k/F ) and Am(k/F ). Let us first prove the following result.
Lemma 4.1. Consider the prime ideals Hj and Qj of k, 1 ≤ j ≤ 2.
1. If 2p(x± 1) is a square in N, then |〈[H1], [Q1]〉| = 4.
2. Else |〈[H1], [H2]〉| = 4
Proof. Since H2j = (πj), 1 ≤ j ≤ 2, and since also
√
e2 + (2f)2 =
√
p 6∈ Q(√pq1q2), so,
according to [4, Proposition 1], Hj are not principal in k.
1. If 2p(x± 1) is a square in N, and since (H1H2)2 = (p1), Q2j = (qj) and (H1Qj)2 =
(qj), hence by [4, Proposition 2 and Remark 1], H1H2 is principal in k and Qj, H1Qj
are not. Thus the result.
2. If 2p(x ± 1) is not a square in N, i.e. 2q1(x ± 1) or 2q2(x ± 1) is a square in N;
then H1H2 is not principal in k and Q1 or Q2 is (by [4, Proposition 2]). On the other
hand, if Q1 (resp. Q2) is principal, then [H1H2] = [Q2] (resp. [H1H2] = [Q1]). 
Determine now generators of Ams(k/F ) and Am(k/F ). According to the ambiguous
class number formula ([12]), the genus number, [(k/F )∗ : k], is given by:
|Am(k/F )| = [(k/F )∗ : k] = h(F )2
t−1
[EF : EF ∩Nk/F (k×)]
, (1)
where h(F ) is the class number of F and t is the number of finite and infinite primes of
F ramified in k/F . Moreover as the class number of F is equal to 1, so the formula (1)
yields that
|Am(k/F )| = [(k/F )∗ : k] = 2r, (2)
where r = rankCl2(k) = t−e−1 and 2e = [EF : EF ∩Nk/F (k×)] (see for example [22]).
The relation between |Am(k/F )| and |Ams(k/F )| is given by the following formula (see
for example [13]):
|Am(k/F )|
|Ams(k/F )| = [EF ∩Nk/F (k
×) : Nk/F (Ek)]. (3)
To continue, we need the following lemma.
Lemma 4.2. Let p ≡ −q1 ≡ −q2 ≡ 1 (mod 4) be different primes, F = Q(i) and
k = Q(
√
pq1q2, i).
1. If p ≡ 1 (mod 8), then i is a norm in k/F .
2. If p ≡ 5 (mod 8), then i is not a norm in k/F .
Proof. We proceed as in Lemma 11 of [7]. 
Proposition 4.3. Let (k/F )∗ denote the relative genus field of k/F . Then
1. i. If p ≡ 1 (mod 8), then k(∗)  (k/F )∗ and [(k/F )∗ : k(∗)] = 2.
ii. Else k(∗) = (k/F )∗.
2. Assume p ≡ 1 (mod 8).
i. If 2p(x± 1) is a square in N, then Ams(k/Q(i)) = 〈[H1], [Q1]〉.
ii. Else, Ams(k/Q(i)) = 〈[H1], [H2]〉.
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iii. there exist an unambiguous ideal I in k/Q(i) of order 2 such that
Am(k/Q(i)) =
{ 〈[H1], [Q1], [I]〉, if 2p(x± 1) is a square in N,
〈[H1], [H2], [I]〉, otherwise.
3. Assume p ≡ 5 (mod 8), then
Am(k/Q(i)) = Ams(k/Q(i)) =
{ 〈[H1], [Q1]〉, if 2p(x± 1) is a square in N,
〈[H1], [H2]〉, otherwise.
Proof. 1. As k = Q(
√
pq1q2, i), so [k
(∗) : k] = 4. Moreover, according to [22, Proposition
2, p. 90], r = rankCl2(k) = 3 if p ≡ 1 (mod 8) and r = rankCl2(k) = 2 if p ≡ 5
(mod 8), so [(k/F )∗ : k] = 4 or 8. Hence [(k/F )∗ : k(∗)] = 1 or 2, and the results
derived.
2. Note first that, by Lemma 2.7, x+1 and x− 1 are never squares in N. Thus from
Lemma 2.6 we get Ek = 〈i, ǫpq1q2〉.
Assume p ≡ 1 (mod 8), hence i is a norm in k/Q(i) (Lemma 4.2), thus Formula (3)
yields that
|Am(k/Q(i))|
|Ams(k/Q(i))| = [EQ(i) ∩Nk/Q(i)(k
×) : Nk/Q(i)(Ek)] = 2
since [EQ(i) ∩Nk/Q(i)(k×) : Nk/Q(i)(Ek)] = [< i >:< −1 >] = 2.
On the other hand, as p ≡ 1 (mod 8), we have just shown that r = 3. Therefore
|Am(k/Q(i))| = 24 and thus |Ams(k/Q(i))| = 4
i. If 2p(x± 1) is a square in N which is equivalent to 2q1q2(x± 1) is a square in N,
then Am(k/Q(i)) = 2Ams(k/Q(i)), hence by Lemma 4.1 we get
Ams(k/Q(i)) = 〈[H1], [Q1]〉.
ii. If 2q1(x± 1) or 2q2(x± 1) is a square in N, then Lemma 4.1 yields that
Ams(k/Q(i)) = 〈[H1], [H2]〉.
Consequently, in the two cases there exists an unambiguous ideal I in k/F of order
2 such that
Am(k/Q(i)) =
{ 〈[H1], [Q1], [I]〉, if 2p(x± 1) is a square in N,
〈[H1], [H2], [I]〉, else.
By Chebotarev theorem, I can always be chosen as a prime ideal of k above a prime ℓ
in Q, which splits completely in k.
3. Assume p ≡ 5 (mod 8), hence i is not a norm in k/Q(i) (Lemma 4.2). Proceeding
similarly as in 2., we get
Am(k/Q(i)) = Ams(k/Q(i)) =
{ 〈[H1], [Q1]〉, if 2p(x± 1) is a square in N,
〈[H1], [H2]〉, else.
This completes the proof. 
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5. Capitulation
Let p, q1 and q2 be primes satisfying p ≡ −q1 ≡ −q2 ≡ 1 (mod 4). Set k =
Q(
√
pq1q2, i) and denote by k
(∗) the genus field of k, then k(∗) = Q(
√
p,
√
q1,
√
q2, i). The
unramified quadratic extensions of k, abelian overQ, areK1 = k(
√
p) = Q(
√
p,
√
q1q2, i),
K2 = k(
√
q1) = Q(
√
q1,
√
pq2, i) and K3 = k(
√
q2) = Q(
√
q2,
√
pq1, i). Keep the no-
tations ǫpq1q2 = x + y
√
pq1q2 denoting the fundamental unit of Q(
√
pq1q2) and p =
e2 + 4f2 = π1π2, where π1 = e+ 2if , π2 = e− 2if . Let Qk be the unit index of k, and
Hj be the ideal of k lies above πj . Denote also by Qj the prime ideal of k above qj ,
j = 1, 2.
In this section, we will determine the classes of Cl2(k), the 2-class group of k, that
capitulate in Kj , for all j ∈ {1, 2, 3}. For this we need the following theorem.
Theorem 5.1 ([14]). Let K/k be a cyclic extension of prime degree, then the number
of classes that capitulate in K/k is: [K : k][Ek : NK/k(EK)], where Ek and EK are the
unit groups of k and K respectively.
5.1. The number of classes capitulating in each Kj.
Recall that κKj denotes the capitulation kernel of the unramified extension Kj/k.
Theorem 5.2. Let Kj, 1 ≤ j ≤ 3, be the three unramified quadratic extensions of k
defined above. Then
1. |κK1 | = 4.
2. Let ǫpq2 = a+ b
√
pq2, then
i. If a± 1 is a square in N and 2q1(x+ 1), 2q1(x− 1) are not, then |κK2 | = 4.
ii. In the other cases |κK2 | = 2.
3. Let ǫpq1 = a+ b
√
pq1, then
i. If a± 1 is a square in N and 2q2(x+ 1), 2q2(x− 1) are not, then |κK3 | = 4.
ii. In the other cases |κK3 | = 2.
Proof. Note first that, according to Lemma 2.7, x+1 and x− 1 are never squares in N,
hence by Lemma 2.6, Ek = 〈i, ǫpq1q2〉.
1. By Proposition 3.1 we have EK1 = 〈i, ǫp, ǫq1q2 ,√ǫpq1q2〉 or EK1 = 〈i, ǫp, ǫq1q2 ,√
ǫq1q2ǫpq1q2〉, hence NK1/k(EK1) = 〈−1, ǫpq1q2〉. Thus [Ek : NK1/k(EK1)] = 2. There-
fore Theorem 5.1 implies that |κK1 | = 4.
2. i. If a ± 1 is a square in N and 2q1(x + 1), 2q1(x − 1) are not, then Proposition
3.2(2)(i) yields that NK2/k(EK2) = 〈i, ǫ2pq1q2〉, hence [Ek : NK2/k(EK2)] = 2. Thus
Theorem 5.1 implies that |κK2 | = 4.
ii. The other cases are grouped together in Proposition 3.2 (assertions 1, 2), then
NK2/k(EK2) = 〈i, ǫpq1q2〉. Thus [Ek : NK2/k(EK2)] = 1, and Theorem 5.1 implies that
|κK2 | = 2.
3. This point is similarly treated.

5.2. Capitulation in K1.
Theorem 5.3. Let p, q1 and q2 be different primes such that p ≡ −q1 ≡ −q2 ≡ 1
(mod 4). Put k = Q(
√
pq1q2, i), K1 = Q(
√
p,
√
q1q2, i) and ǫpq1q2 = x+ y
√
pq1q2, then
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1. If 2p(x± 1) is a square in N, then κK1 = 〈[H1], [Q1]〉.
2. Else, κK1 = 〈[H1], [H2]〉.
Proof. We have already shown, in Lemma 4.1, that H1, H2, Qj and HkQj , j, k = 1, 2,
are not principal in k. On the other hand, by Proposition 6.3 of [8]H1 andH2 capitulate
in K1.
1. If 2p(x ± 1) is a square in N, then by [4, Proposition 2] H1H2 is principal in k,
i.e. [H1] = [H2]. The proof of the Proposition 3.1, allows us to conclude that q1ǫq1q2
and q2ǫq1q2 are squares in K1; hence there exists γ ∈ K1 such that Q21 = (γ2). Thus
Q1 = (γ), so the result.
2. If 2p(x + 1) and 2p(x − 1) are not squares in N, then H1H2 is not principal in k;
which yields the result. 
Numerical Examples 5.4.
1. The case where 2p(x± 1) is a square in N.
d = p.q1.q2 2p(x+ 1) 2p(x− 1) H1H2 in k Q1 in k H1 Q1
105 = 5.3.7 420 400 = 202 [0, 0] [2, 0] [0, 0] [0, 0]
345 = 5.23.3 67620 67600 = 2602 [0, 0] [2, 0] [0, 0] [0, 0]
357 = 17.3.7 357 289 = 172 [0, 0, 0] [1, 1, 0] [0, 0] [0, 0]
561 = 17.11.3 17774724 17774656 = 42162 [0, 0, 0] [0, 0, 1] [0, 0, 0] [0, 0, 0]
645 = 5.3.43 645 625 = 252 [0, 0] [4, 0] [0, 0] [0, 0]
705 = 5.47.3 2371620 2371600 = 15402 [0, 0] [6, 0] [0, 0] [0, 0]
805 = 5.7.23 7245 7225 = 852 [0, 0] [4, 0] [0, 0] [0, 0]
2. The case where 2p(x+ 1) and 2p(x− 1) are not squares in N.
d = p.q1.q2 2p(x+ 1) 2p(x− 1) H1H2 in k H1 H2
165 = 5.3.11 75 55 [2, 0] [0, 0] [0, 0]
273 = 13.7.3 18928 18876 [2, 0] [0, 0] [0, 0]
285 = 5.3.19 95 75 [4, 0] [0, 0] [0, 0]
429 = 13.11.3 1911 1859 [4, 0] [0, 0] [0, 0]
465 = 5.3.31 158720 158700 [4, 0] [0, 0] [0, 0]
609 = 29.7.3 35130368 35130252 [4, 0] [0, 0] [0, 0]
665 = 5.7.19 137200 137180 [6, 0] [0, 0] [0, 0]
741 = 13.19.3 3211 3159 [6, 0] [0, 0] [0, 0]
1533 = 73.3.7 37303 37011 [3, 1, 0] [0, 0, 0] [0, 0, 0]
5.3. Capitulation in K2.
Let p, q1 and q2 be different primes such that p ≡ −q1 ≡ −q2 ≡ 1 (mod 4). Put
k = Q(
√
pq1q2, i), K2 = Q(
√
q1,
√
pq2, i) and ǫpq2 = a+ b
√
pq2.
Lemma 5.5. If a± 1 is a square in N, then p ≡ 1 (mod 8).
Proof. If a± 1 is a square in N, then
{
a± 1 = y21,
a∓ 1 = pq2y22.
Hence 1 =
(
a±1
p
)
=
(
a∓1±2
p
)
=
(
2
p
)
. 
Therefore, if we suppose that a± 1 is a square in N, then from Proposition 4.3 we get:
i. If 2p(x± 1) is a square in N, then Ams(k/Q(i)) = 〈[H1], [Q1]〉.
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ii. Else, Ams(k/Q(i)) = 〈[H1], [H2]〉.
iii. there exists an unambiguous ideal I in k/Q(i) of order 2 such that
Am(k/Q(i)) =
{ 〈[H1], [Q1], [I]〉, if 2p(x± 1) is a square in N,
〈[H1], [H2], [I]〉, otherwise.
The ideal I can be constructed by using the result:
Lemma 5.6 ([19]). Let p1, p2,...,pn be distinct primes and for each j, let ej = ±1.
Then there exist infinitely many primes ℓ such that
(pj
ℓ
)
= ej , for all j.
Let ℓ be a prime congruent to 1 (mod 4) and satisfying
(pq1q2
ℓ
)
= − (q1ℓ ) = 1, thus
ℓ splits completely in k. Therefore I is one of the ideals of k above ℓ; since ( q1ℓ ) = −1,
so I remaind inert in K2. We proceed as in [7] to prove that I, H1I, H2I and H1H2I
or I, H1I, Q1I and Q1H1I are not principal in k.
Theorem 5.7. Keep the previous hypothesis and notations and put ǫpq2 = a+ b
√
pq2,
ǫpq1q2 = x+ y
√
pq1q2.
1. If a ± 1 is a square in N and 2q1(x + 1), 2q1(x − 1) are not, then κK2 = 〈[Q1], [I]〉
or 〈[Q1], [H1I]〉.
2. If a± 1 and 2q1(x± 1) are squares in N, then κK2 = 〈[I]〉 or 〈[IH1]〉 or 〈[IH2]〉 or
〈[IH1H2]〉.
3. If a+1 and a−1 are not squares in N and 2q1(x±1) is, then κK2 = 〈[Q2]〉 = 〈[H1H2]〉.
4. If a+ 1, a− 1, 2q1(x+ 1) and 2q1(x− 1) are not squares in N, then κK2 = 〈[Q1]〉.
Proof. Let H1, H2, Q1 and Q2 denote always the ideals of k above π1 = e + 2if ,
π2 = e− 2if , q1 and q2 respectively.
1. Suppose a±1 is a square in N and 2q1(x+1), 2q1(x−1) are not. We know according
to Proposition 3.2 that EK2 = 〈i,√ǫq1ǫpq2, ǫpq1q2 ,
√
iǫq1〉 and that four classes capitulate
in K2 one of them is Q1. To proof the result, it suffices to prove that H1 does not
capitulate in K2.
If H1 capitulates in K2, then there exists α ∈ K2 such that H1 = (α); hence (α2) =
(π1). As a result, there exists a unit ǫ ∈ K2 such that π1ǫ = α2. The unit ǫ can not be
real or purely imaginary. In fact, if it is real (same proof if it is purely imaginary), then
by putting α = α1+ iα2, where αi are in K
+
2 , we get α
2
1−α22+2α1α2 = ǫ(e+2if), thus{
α21 − α22 = eǫ,
α1α2 = fǫ,
hence fα21− eα2α1− fα22 = 0. But this implies that α1 = α2(e±
√
p)
f , and thus
√
p ∈ K+2 ,
which is absurd.
As π1ǫ = α
2, so, by the norm NK2/k, we get π
2
1NK2/k(ǫ) = NK2/k(α)
2 with NK2/k(ǫ) ∈
Ek = 〈i, ǫpq1q2〉. Therefore, we have the following result
NK2/k(ǫ) ∈ {±1,±i,±ǫpq1q2 ,±iǫpq1q2}.
a. If NK2/k(ǫ) = ±i, then π21(±i) = NK2/k(α)2; hence
√
i ∈ k, which is absurd.
b. If NK2/k(ǫ) = ±ǫpq1q2 , then π21(±ǫpq1q2) = NK2/k(α)2; this in turn yields that√
ǫpq1q2 ∈ k, which is absurd.
c. If NK2/k(ǫ) = ±iǫpq1q2 , then π21(±iǫpq1q2) = NK2/k(α)2; this in turn yields that√
iǫpq1q2 ∈ k, which is absurd.
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d. IfNK2/k(ǫ) = 1, then there exist a, b, c and d in {0, 1} such that ǫ = ia
√
ǫq1ǫpq2
bǫcpq1q2
√
iǫq1
d
and NK2/k(ǫ) = 1, hence (−1)aǫ2cpq1q2id = 1. Thus obviously we must have a = c =
d = 0. As a result, we get ǫ =
√
ǫq1ǫpq2
b is a real, which is absurd.
e. If NK2/k(ǫ) = −1, then, by applying the same argument, we get ǫ = i
√
ǫq1ǫpq2
b, which
is purely imaginary, and this is absurd.
To complete the proof of the first point of the corollary, we give examples that affirm
the two cases of capitulation:
Numerical Examples 5.8.
a± 1 is a square in N and 2q1(x+ 1), 2q1(x− 1) are not.
d = p.q1.q2 I in k H1 I in K2 H1I in K2
4029 = 17.3.79 [5, 1, 1] [170, 0] [170, 0] [0, 0]
4029 = 17.79.3 [5, 0, 0] [30, 0] [30, 0] [0, 0]
4029 = 17.79.3 [0, 0, 1] [30, 0] [30, 0] [0, 0]
4029 = 17.79.3 [5, 0, 0] [30, 0] [30, 0] [0, 0]
4029 = 17.79.3 [5, 0, 0] [30, 0] [30, 0] [0, 0]
4029 = 17.79.3 [0, 1, 1] [30, 0] [30, 0] [0, 0]
4029 = 17.79.3 [0, 0, 1] [30, 0] [30, 0] [0, 0]
4029 = 17.79.3 [5, 1, 0] [30, 0] [30, 0] [0, 0]
2. Suppose a± 1 and 2q1(x± 1) are squares in N; then according to Proposition 3.2,
2p(x+1), 2p(x− 1), 2q2(x+1) and 2q2(x− 1) are not squares in N; but 2pq2(x± 1) is.
Therefore [4, Proposition 2] implies thatH1H2 andQ2 are not principal in k, butQ1 and
H1H2Q2 are; hence [Q2] = [H1H2]. Which implies that Am(k/Q(i)) = 〈[H1], [H2], [I]〉.
By using the same method applied in the above point, we show that H1, H2 and
[Q2] = [H1H2] do not capitulate in K2. Thus κK2 consists of one of the following ideal
classes: I, H1I, H2I and H1H2I. The following examples highlight these statements:
Numerical Examples 5.9.
a± 1 and 2q1(x± 1) are squares in N.
d = p.q1.q2 I in K2 IH1 in K2 IH2 in K2 H1H2I in K2
969 = 17.19.3 [0, 0, 0, 0] [3, 1, 1, 1] [0, 1, 1, 0] [0, 1, 0, 0]
1533 = 73.3.7 [0, 0, 1, 0] [0, 0, 0, 0] [21, 1, 0, 1] [21, 1, 0, 0]
2037 = 97.3.7 [9, 0, 0, 0] [9, 0, 0, 1] [0, 0, 0, 0] [0, 0, 0, 1]
2193 = 17.43.3 [3, 0, 0, 0] [0, 0, 1, 0] [0, 1, 1, 0] [0, 0, 0, 0]
3. Suppose a + 1 and a − 1 are not squares in N, and assume 2q1(x ± 1) is. Then
Propositions 1 and 2 of [4] imply that Q1 is principal in k, Q2 and H1H2 are not, and
[Q2] = [H1H2]. Moreover, p(a± 1) or 2p(a± 1) is a square in N, hence q2ǫpq2 or 2q2ǫpq2
is a square in K2; and this yields that Q2 and H1H2 capitulate in K2. Here are some
examples that illustrate our results.
Numerical Examples 5.10.
a+ 1 and a− 1 are not squares in N and 2q1(x± 1) is.
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d = p.q1.q2 a 2q1(x+ 1) 2q1(x− 1) H1H2 Q2 H1H2 Q2
in k in k
165 = 5.11.3 4 165 121 = 112 [2, 0] [2, 0] [0, 0, 0] [0, 0, 0]
273 = 13.3.7 1574 4368 4356 = 662 [2, 0] [2, 0] [0, 0, 0] [0, 0, 0]
285 = 5.19.3 4 361 = 192 285 [4, 0] [4, 0] [0, 0, 0] [0, 0, 0]
385 = 5.11.7 6 2108304 = 14522 2108260 [2, 0] [2, 0] [0, 0, 0] [0, 0, 0]
429 = 13.3.11 12 441 = 212 429 [4, 0] [4, 0] [0, 0, 0] [0, 0, 0]
465 = 5.31.3 4 984064 = 9922 983940 [4, 0] [4, 0] [0, 0, 0] [0, 0, 0]
609 = 29.7.3 28 8479744 = 29122 8479716 [4, 0] [4, 0] [0, 0, 0] [0, 0, 0]
665 = 5.19.7 6 521360 521284 = 7222 [6, 0] [6, 0] [0, 0, 0] [0, 0, 0]
741 = 13.3.19 85292 741 729 = 272 [6, 0] [6, 0] [0, 0, 0] [0, 0, 0]
777 = 37.7.3 295 3136 = 562 3108 [4, 0] [4, 0] [0, 0, 0] [0, 0, 0]
885 = 5.59.3 4 14160 13924 = 1182 [6, 0] [6, 0] [0, 0, 0] [0, 0, 0]
897 = 13.3.23 415 3600 = 602 3588 [4, 0] [4, 0] [0, 0, 0] [0, 0, 0]
1045 = 5.11.19 39 1089 = 332 1045 [4, 0] [4, 0] [0, 0, 0] [0, 0, 0]
4. If a + 1, a − 1, 2q1(x + 1) and 2q1(x − 1) are not squares in N, then Q1 is not
principal in k; and as
√
q1 ∈ K2, so Q1 capitulate in K2.
Numerical Examples 5.11.
a+ 1, a− 1, 2q1(x+ 1) and 2q1(x− 1) are not squares in N.
d = p.q1.q2 a+ 1 a− 1 2q1(x+ 1) 2q1(x− 1) Q1 in k Q1
105 = 5.7.3 5 3 588 560 [2, 0] [0, 0]
165 = 5.3.11 90 88 45 33 [2, 0] [0, 0]
273 = 13.7.3 26 24 10192 10164 [2, 0] [0, 0]
285 = 5.3.19 40 38 57 45 [4, 0] [0, 0]
345 = 5.3.23 1127 1125 40572 40560 [2, 0] [0, 0]
345 = 5.23.3 5 3 311052 310960 [2, 0] [0, 0]
385 = 5.7.11 90 88 1341648 1341620 [2, 0] [0, 0]
429 = 13.11.3 26 24 1617 1573 [4, 0] [0, 0]
465 = 5.3.31 250 248 95232 95220 [4, 0] [0, 0]

5.4. Capitulation in K3.
Let p, q1 and q2 be different primes satisfying p ≡ −q1 ≡ −q2 ≡ 1 (mod 4). Put
k = Q(
√
pq1q2, i), K3 = Q(
√
q2,
√
pq1, i) and ǫpq1 = a + b
√
pq1. As q1 and q2 play
symmetric roles, so the following results are deduced from the above by analogy. Let
I be the ideal defined as above and assume the prime ℓ satisfies the conditions: ℓ ≡ 1
(mod 4) and
(pq1q2
ℓ
)
= − (q2ℓ ) = 1.
Theorem 5.12. Keep the obvious notations and hypothesis. Put ǫpq1 = a+b
√
pq1, then
1. If a ± 1 is a square in N and 2q2(x + 1), 2q2(x − 1) are not, then κK3 = 〈[Q2], [I]〉
or 〈[Q2], [H1I]〉.
2. If a± 1 and 2q2(x± 1) are squares in N, then κK3 = 〈[I]〉 or 〈[IH1]〉 or 〈[IH2]〉 or
〈[IH1H2]〉.
3. If a+ 1 and a− 1 are not squares in N and 2q2(x± 1) is, then κK3 = 〈[Q1]〉.
4. If a+ 1, a− 1, 2q2(x+ 1) and 2q2(x− 1) are not squares in N, then κK3 = 〈[Q2]〉.
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5.5. Capitulation in k(∗).
The following theorem is a simple deduction from Theorems 5.3, 5.7 and 5.12.
Theorem 5.13. Let p, q1 and q2 be different primes satisfying p ≡ −q1 ≡ −q2 ≡ 1
(mod 4). Put k = Q(
√
pq1q2, i) and denote by k
(∗) its genus field. Let ǫpq1q2 = x +
y
√
pq1q2 be the fundamental unit of Q(
√
pq1q2).
1. Assume p ≡ 1 (mod 8), then there exists an unambiguous ideal I of k/Q(i) of order
2 such that:
i. If 2p(x± 1) is a square in N, then 〈[H1], [Q1], [I]〉 ⊆ κk(∗) .
ii. Else, 〈[H1], [H2], [I]〉 ⊆ κk(∗).
2. Assume p ≡ 5 (mod 8).
i. If 2p(x± 1) is a square in N, then 〈[H1], [Q1]〉 ⊆ κk(∗).
ii. Else, 〈[H1], [H2]〉 ⊆ κk(∗).
6. Application
Let p ≡ −q1 ≡ −q2 ≡ 1 (mod 4) be different primes such that Cl2(k) is of type
(2, 2, 2). According to [3], Cl2(k) is of type (2, 2, 2) if and only if p, q1 and q2 satisfy
the following two conditions:
A: p ≡ −q1 ≡ −q2 ≡ 1 (mod 4) and
(
2
p
)
=
(
q1
q2
)
= −
(
q2
q1
)
= 1.
B: One of the following three conditions is satisfied:
(I):
(
p
q1
)(
p
q2
)
= −1 and
(
2
q1
)
=
(
2
q2
)
= −1.
(II):
(
p
q1
)(
p
q2
)
= −1,
(
2
q1
)
= 1 and
(
2
q2
)
= −1.
(III):
(
p
q1
)
=
(
p
q2
)
= −1 and
(
2
q1
)(
2
q2
)
= −1.
Remark 6.1. We keep the notations defined in [5, Definition 1], and we add the fol-
lowing definition assuming p ≡ −q1 ≡ −q2 ≡ 1 (mod 4) satisfying the condition A.
1. p, q1 and q2 are said of type B(III)(1) if
(
p
q1
)
=
(
p
q2
)
= −1 and −
(
2
q1
)
=
(
2
q2
)
= 1.
2. p, q1 and q2 are said of type B(III)(2) if
(
p
q1
)
=
(
p
q2
)
= −1 and
(
2
q1
)
= −
(
2
q2
)
= 1.
To continue we need the following results.
Lemma 6.2. Let p ≡ −q1 ≡ −q2 ≡ 1 (mod 4) be different primes satisfying the condi-
tion A, and put ǫpq2 = a+ b
√
pq2.
1. If p, q1 and q2 are of type B(I) or B(II), then a+ 1 is not a square in N.
2. If p, q1 and q2 are of type B(I)(1) or B(II)(1), then p(a− 1) and 2p(a+ 1) are not
squares in N.
3. If p, q1 and q2 are of type B(I)(2) or B(II)(2), then p(a+ 1) and 2p(a− 1) are not
squares in N.
4. If p, q1 and q2 are of type B(III)(1), then a− 1 and p(a+ 1) are not squares in N.
5. If p, q1 and q2 are of type B(III)(2), then a+ 1 and p(a− 1) are not squares in N.
6. If p, q1 and q2 are of type B(III), then 2p(a+ 1) is not a square in N.
Proof. We know that N(ǫpq2) = 1, then a
2 − 1 = b2pq2, hence by Lemma 2.4 and the
decomposition uniqueness in Z there exist b1, b2 in Z such that:
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(1)
{
a± 1 = b21,
a∓ 1 = pq2b22; or (2)
{
a± 1 = pb21,
a∓ 1 = q2b22; or (3)
{
a± 1 = 2pb21,
a∓ 1 = 2q2b22;
1. Suppose {
a+ 1 = b21,
a− 1 = pq2b22,
then
(
2
q2
)
= 1, but this contradicts the conditions B(I) and B(II), hence the result.
The other cases are checked similarly. 
Remark 6.3. If Cl2(k) is of type (2, 2, 2), then by Proposition 4.3 and [5, Lemma 3],
we deduce that:
1. Ams(k/Q(i)) = 〈[H1], [Q1]〉  Am(k/Q(i)) = Cl2(k) = 〈[H1], [Q1], [I]〉, if p, q1 and
q2 are of type B(III),
2. Ams(k/Q(i)) = 〈[H1], [H2]〉  Am(k/Q(i)) = Cl2(k) = 〈[H1], [H2], [I]〉, otherwise.
Theorem 6.4. Let p ≡ −q1 ≡ −q2 ≡ 1 (mod 4) be different primes such that Cl2(k)
is of type (2, 2, 2), where k = Q(
√
pq1q2, i).
1. Exactly four classes of Cl2(k) capitulate in K1.
i. If p, q1 and q2 are of type B(III), then κK1 = 〈[H1], [Q1]〉.
ii. Else, κK1 = 〈[H1], [H2]〉.
2. Put ǫpq2 = a+ b
√
pq2, then the capitulation in K2 is given by:
i. If p, q1 and q2 are of type B(I)(1) or B(II)(1), then κK2 = 〈[I]〉 or 〈[H1I]〉 or
〈[H2I]〉 or 〈[H1H2I]〉.
ii. If p, q1 and q2 are of type B(I)(2) or B(II)(2), then
a. If a− 1 is a square in N, then κK2 = 〈[H1H2], [I]〉 or 〈[H1H2], [H1I]〉.
b. Else, κK2 = 〈[Q1]〉 = 〈[H1H2]〉.
iii. If p, q1 and q2 are of type B(III), then
a. If a± 1 is a square in N, then κK2 = 〈[Q1], [I]〉 or 〈[Q1], [H1I]〉.
b. Else, κK2 = 〈[Q1]〉.
3. Put ǫpq1 = a+ b
√
pq1, then the capitulation in K3 is given by:
i. If p, q1 and q2 are of type B(I)(2) ou B(II)(2), then κK3 = 〈[I]〉 or 〈[H1I]〉 or
〈[H2I]〉 or 〈[H1H2I]〉.
ii. If p, q1 and q2 are of type B(I)(1) or B(II)(1), then
a. If a− 1 is a square in N, then κK3 = 〈[H1H2], [I]〉 or 〈[H1H2], [H1I]〉.
b. Else, κK3 = 〈[Q2]〉 = 〈[H1H2]〉.
iii. If p, q1 and q2 are of type B(III), then
a. If a± 1 is a square in N, then κK3 = 〈[Q2], [I]〉 or 〈[Q2], [H1I]〉.
b. Else, κK2 = 〈[Q2]〉.
Proof. Let ǫpq1q2 = x+ y
√
pq1q2 denote the fundamental unit of Q(
√
pq1q2).
1. We know, by [5, Lemma 3], that if p, q1 and q2 are of type B(III), then 2p(x−1) is a
square in N, and otherwise 2p(x− 1), 2p(x+1) are not squares in N. Thus Theorem
5.3 implies the results.
2. Put ǫpq2 = a+ b
√
pq2.
i. Suppose p, q1 and q2 satisfy the conditions A and B(I)(1) or B(II)(1), then,
by [5, Lemma 3], 2q1(x+ 1) is a square in N. On the other hand, from Lemma
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6.2, p(a − 1) and 2p(a + 1) are not squares in N, thus a − 1 is a square in N.
Therefore, we are in the hypotheses of Theorem 5.7(2), thus the results.
ii. Suppose p, q1 and q2 satisfy the conditions A and B(I)(2) or B(II)(2), then, by
[5, Lemma 3], 2q2(x− 1) is a square in N i.e. 2pq1(x+1) is a square in N. Thus
[4, Proposition 1] implies that [H1H2] = [Q1]. On the other hand, from Lemma
6.2, one of the numbers a− 1, p(a− 1) or 2p(a+ 1) is a square in N. So we are
in the hypotheses of Theorem 5.7 (1) or (4), thus the results.
iii. Suppose p, q1 and q2 satisfy the conditions A and B(III), then, by [5, Lemma
3], 2p(x− 1) is a square in N, and by Lemma 6.2, 2p(a+1) is not a square in N.
• If p, q1 and q2 are of type B(III)(1), then Lemma 6.2 implies that one of the
numbers a+ 1, p(a− 1) or 2p(a− 1) is a square in N.
• If p, q1 and q2 are of type B(III)(2), then Lemma 6.2 implies that one of the
numbers a− 1, p(a+ 1) or 2p(a− 1) is a square in N.
Therefore,
a. If a± 1 is a square in N, then the result is assured by Theorem 5.7(1).
b. Else, the result is assured by Theorem 5.7(4).
3. These results are shown as in 2.

Corollary 6.5. Keep the hypotheses and notations mentioned in Theorem 6.4. Then
all the classes of Cl2(k) capitulate in k
(∗) i.e.
κ
k(∗)
= Cl2(k) = Am(k/Q(i)).
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